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Notation
Throughout, G = (V,E) is a simple undirected graph with n = |V | vertices and m = |E| edges.
N(v) is the set of neighbors of v, N [v] = N(v)∪{v}, and for a set X we write N [X] =

∪
v∈X N [v].

∆ and δ are the maximum and minimum degree, and H(k) =
∑k

i=1 1/i ≤ ln k+1 is the harmonic
number. The parameters computed by the lab are γ (domination), γt (total), γc (connected),
i (independent domination), γpr (paired), γ×2 (2-domination), γp (perfect), α (independence),
β (vertex cover), γR (Roman) and d (domatic number); see [11]. These problems are NP-hard
on general graphs (for the classical ones see [8]), which is why the lab uses heuristics for large
graphs and exhaustive search for small ones.

1 Greedy dominating set
A vertex v covers the set N [v], so finding a dominating set is a set cover problem on the universe
V . The greedy rule repeatedly takes the vertex that covers the largest number of vertices that
are not covered yet.

Analysis

• Correctness. While some vertex is uncovered, that vertex itself has gain at least 1, so every
round covers a new vertex and the loop ends with C = V , i.e. S is dominating.

• Time. At most n rounds, each scanning all vertices and their neighbors: O(n(n+m)).

• Guarantee. This is the greedy algorithm for set cover with sets N [v] of size at most ∆+ 1,
hence |S| ≤ H(∆ + 1) γ(G) ≤ (ln(∆ + 1) + 1)γ(G) [14, 15, 1].

2 Greedy total dominating set
In a total dominating set every vertex, including those in S, needs a neighbor in S. A vertex
therefore covers only its open neighborhood N(v), and the greedy idea is again set cover. If
some vertex has no neighbor, no total dominating set exists [13].

Analysis

• Correctness. A vertex u is covered by v exactly when u ∈ N(v), so C = V means that every
vertex has a neighbor in S.

• Time. O(n(n+m)).

• Guarantee. Set cover with sets of size at most ∆, so |S| ≤ H(∆) γt(G) ≤ (ln∆+ 1)γt(G) [1].
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Algorithm 1 Greedy-Dominating-Set
Require: graph G = (V,E)
Ensure: a dominating set S

1: S ← ∅; C ← ∅ ▷ C = covered vertices
2: while C ̸= V do
3: pick v maximizing |N [v] \ C|
4: S ← S ∪ {v}; C ← C ∪N [v]
5: end while
6: return S

Algorithm 2 Greedy-Total-Dominating-Set
Require: graph G
Ensure: a total dominating set, or a message that none exists

1: S ← ∅; C ← ∅
2: while C ̸= V do
3: pick v maximizing |N(v) \ C|
4: if |N(v) \ C| = 0 then ▷ some vertex has no neighbor
5: return “no total dominating set”
6: end if
7: S ← S ∪ {v}; C ← C ∪N(v)
8: end while
9: return S

3 Connected dominating set (greedy growth)
Start from a vertex of maximum degree. At each step add a vertex that is already dominated,
i.e. adjacent to S, and that dominates the most new vertices. Because every new vertex touches
S, the induced subgraph G[S] stays connected. If no such vertex exists before everything is
dominated, G is disconnected. Guha and Khuller [9] analyse this kind of greedy growth: they
show that the naive rule can perform badly, and that a variant which also looks at pairs of
vertices (a dominated vertex together with a white neighbor) achieves 2(1 + H(∆)). The lab
runs the simple rule, so no approximation ratio is claimed for it.

Analysis

• Correctness. u ∈ C \S is adjacent to a vertex of S, so G[S∪{u}] is connected whenever G[S]
is; the final set is dominating because C = V .

• Time. O(n(n+m)).

4 Paired dominating set (greedy pairs)
A paired dominating set is a dominating set whose induced subgraph has a perfect matching
[12]. Take a vertex u that is not dominated yet, pair it with the neighbor w that covers the most
new vertices, and add both. Each pair is an edge, so the chosen pairs form a perfect matching
of G[S] by construction. A vertex without neighbors makes the problem unsolvable.

Analysis

• Correctness. C = V at the end, so S dominates, and G[S] contains the disjoint edges uw
that cover S.
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Algorithm 3 Greedy-CDS
Require: connected graph G
Ensure: a connected dominating set S

1: v ← vertex of maximum degree; S ← {v}; C ← N [v]
2: while C ̸= V do
3: pick u ∈ C \ S maximizing |N(u) \ C|
4: if |N(u) \ C| = 0 then ▷ G is disconnected
5: return “disconnected”
6: end if
7: S ← S ∪ {u}; C ← C ∪N [u]
8: end while
9: return S

Algorithm 4 Greedy-Paired-Dominating-Set
Require: graph G
Ensure: a paired dominating set, or a message that none exists

1: S ← ∅; C ← ∅
2: while C ̸= V do
3: u← any vertex of V \ C
4: if N(u) = ∅ then
5: return “no paired dominating set”
6: end if
7: w ← neighbor of u maximizing |N [w] \ C|
8: S ← S ∪ {u,w}; C ← C ∪N [u] ∪N [w]
9: end while

10: return S ▷ the edges uw form a perfect matching of G[S]

• Time. O(n(n + m)). The result is always valid; no approximation ratio is claimed for this
heuristic. For graphs without isolated vertices γ ≤ γpr ≤ 2γ [12].

5 2-dominating set (greedy)
In a 2-dominating set every vertex outside S has at least two neighbors in S [6]. For each vertex
we count how many neighbors it is still missing, and at each step we add the vertex that removes
the most missing neighbors: its own need disappears, and every neighbor outside S that still
needs help gets one step closer.

Analysis

• Correctness. The loop stops only when every vertex has def = 0, which is exactly the
definition. It terminates because adding any vertex with positive gain lowers

∑
def by at

least 1.

• Time. Polynomial: at most n rounds, each looking at every vertex and its neighbors. No
approximation ratio is claimed.

6 Roman domination from a greedy dominating set
A Roman dominating function is a labeling f : V → {0, 1, 2} such that every vertex with
f(v) = 0 has a neighbor u with f(u) = 2; its weight is

∑
v f(v) and γR is the minimum weight
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Algorithm 5 Greedy-2-Dominating-Set
Require: graph G
Ensure: a 2-dominating set S

1: S ← ∅ ▷ def(v) = 0 if v ∈ S, else max{0, 2− |N(v) ∩ S|}
2: while

∑
v def(v) > 0 do

3: pick x /∈ S maximizing def(x) + |{u ∈ N(x) \ S : def(u) > 0}|
4: S ← S ∪ {x}
5: end while
6: return S

Algorithm 6 Roman-From-Greedy-DS
Require: graph G
Ensure: a Roman dominating function f

1: S ← Greedy-Dominating-Set(G)
2: f(v)← 2 for v ∈ S; f(v)← 0 otherwise
3: for v ∈ S do ▷ improvement step
4: if every u ∈ N(v) with f(u) = 0 has some w ∈ N(u) \ {v} with f(w) = 2 then
5: f(v)← 1
6: end if
7: end for
8: return f

[3, 16]. Labeling a dominating set S with 2 and everything else with 0 gives weight 2|S|. The
improvement step lowers a 2 to a 1 when this is safe.

Analysis

• Correctness. Initially f is valid because S is dominating. Lowering f(v) from 2 to 1 is safe:
v itself needs no neighbor labeled 2, and each neighbor labeled 0 still has another neighbor
labeled 2.

• Time. O(n(n +m)). The weight is at most 2|S|, which is why γ ≤ γR ≤ 2γ in general [3].
For this heuristic, weight ≤ 2H(∆ + 1) γR, since |S| ≤ H(∆ + 1)γ ≤ H(∆ + 1)γR.

7 Vertex cover: 2-approximation by a maximal matching
Scan the edges. Whenever an edge has no endpoint in the cover yet, put both endpoints in. The
edges that triggered this are pairwise disjoint, so they form a maximal matching M [5].

Analysis

• Correctness. Every edge is either already covered when examined or gets both endpoints
added.

• Guarantee. The chosen edges are disjoint, and any vertex cover must contain an endpoint
of each of them, so β(G) ≥ |M | while |C| = 2|M |; hence |C| ≤ 2β(G). Time O(m). Also
α+ β = n [7].

8 Greedy maximal independent set (smallest degree first)
Repeatedly take a vertex of smallest degree in what is left of the graph, add it to S, and delete it
together with its neighbors. Taking low-degree vertices first deletes few vertices per step, which
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Algorithm 7 Matching-Vertex-Cover
Require: graph G = (V,E)
Ensure: a vertex cover C

1: C ← ∅
2: for each edge uv ∈ E (in input order) do
3: if u /∈ C and v /∈ C then
4: C ← C ∪ {u, v}
5: end if
6: end for
7: return C

Algorithm 8 Greedy-Independent-Set
Require: graph G
Ensure: a maximal independent set S

1: S ← ∅; H ← G
2: while V (H) ̸= ∅ do
3: v ← vertex of minimum degree in H
4: S ← S ∪ {v}; H ← H −NH [v]
5: end while
6: return S

usually leaves room for a larger set.

Analysis

• Correctness. Vertices are removed only together with a neighbor in S or when chosen, so S
is independent and no vertex can be added: S is maximal.

• Guarantee. Every maximal independent set has at least n/(∆+1) vertices. For this minimum-
degree rule Halldórsson and Radhakrishnan prove the better ratio (∆ + 2)/3 on graphs of
maximum degree ∆: α(G) ≤ ∆+2

3 |S| [10]. Time O(n(n+m)).

9 Greedy independent dominating set (largest degree first)
An independent dominating set is exactly a maximal independent set [4]: a maximal independent
set is dominating (otherwise another vertex could be added), and a dominating independent set
is maximal. To keep the set small, this variant takes a vertex of largest degree first, so that each
step deletes as many vertices as possible.

Analysis

• Correctness. As for the previous algorithm, S is a maximal independent set and hence
independent and dominating.

• Time O(n(n + m)). |S| is an upper bound for i(G), and γ ≤ i ≤ α [4]. No approximation
ratio is claimed.

10 Exact answers (bit masks, up to 20 vertices)
Because these problems are NP-hard [8], exact answers take exponential time. For n ≤ 20 the
lab looks at every subset X ⊆ V , written as a bit mask. Two tables are filled once by dynamic
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Algorithm 9 Greedy-Independent-Dominating-Set
Require: graph G
Ensure: an independent dominating set S

1: S ← ∅; H ← G
2: while V (H) ̸= ∅ do
3: v ← vertex of maximum degree in H
4: S ← S ∪ {v}; H ← H −NH [v]
5: end while
6: return S

Algorithm 10 Exact-Search
Require: graph G with n ≤ 20, a problem P
Ensure: an optimal set for P , if one exists

1: for X = 1, . . . , 2n − 1, with x the lowest vertex of X do
2: cl[X]← cl[X \ {x}] ∪N [x]
3: ind[X]← ind[X \ {x}] ∧ (N(x) ∩X = ∅)
4: end for
5: best ← none
6: for X ⊆ V do
7: if |X| cannot improve |best | then
8: continue
9: end if

10: if TestP (X) then
11: best ← X
12: end if
13: end for
14: return best

programming over the masks: the closed neighborhood N [X] of each subset, and whether X is
independent. Afterwards each problem is a quick test on a subset, and subsets that cannot beat
the best answer found so far are skipped.

Analysis

• Tests. Dominating: cl[X] = V . Total:
∪

v∈X N(v) = V . Connected: dominating and G[X]
connected. Independent dominating: ind[X] and cl[X] = V . Paired: dominating and G[X]
has a perfect matching. 2-dominating / perfect: every v /∈ X has at least 2 / exactly 1
neighbor in X. Independent set: ind[X]. Vertex cover: ind[V \X].

• Roman domination. Let X be the set of vertices labeled 2. Every vertex outside N [X] must
get label 1, all others 0, so the best weight for this X is 2|X|+ |V \N [X]|, and we minimize
it over all X.

• Time O(2n · n) in the worst case and memory O(2n).

11 Domatic partition
The domatic number d(G) is the largest number of pairwise disjoint dominating sets; it satisfies
d(G) ≤ δ+1 [4]. Every dominating set contains a minimal dominating set, so it is enough to find
all minimal dominating sets and to search, by backtracking, for the largest family of pairwise
disjoint ones.
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Algorithm 11 Domatic-Partition
Require: graph G with n ≤ 20
Ensure: disjoint dominating sets D1, . . . , Dk

1: M← all minimal dominating sets of G; best ← ∅
2: Search(s, U, F) ▷ backtracking over M
3: if |F| > |best | then
4: best ← F
5: end if
6: if |best | = δ + 1 or the step limit is reached then
7: return stop
8: end if
9: for D ∈M from index s with D ∩ U = ∅ do

10: Search(next, U ∪D, F + [D])
11: end for
12: add vertices that are in no set to D1

13: return best

Algorithm 12 Check-Selection
Require: graph G, a selection S (or labels f), a problem P
Ensure: the vertices and edges that violate the definition

1: for v ∈ V do
2: k(v)← |N(v) ∩ S|
3: end for
4: for v ∈ V do
5: compare k(v) with the definition of P ▷ e.g. v ∈ S or k(v) ≥ 1
6: end for
7: for uv ∈ E do
8: check independence / cover conditions on u, v
9: end for

10: test connectivity or a perfect matching of G[S] if P requires it

Analysis

• Correctness. Replacing each set of an optimal family by a minimal dominating set contained
in it keeps the sets disjoint, so searching only M loses nothing; adding leftover vertices to a
set keeps it dominating.

• Time. Exponential. The search stops after 2 · 106 steps; the lab then reports only a lower
bound d(G) ≥ k.

12 Checking your selection
Whatever you select, the lab counts for every vertex how many of its neighbors are in S (and, for
Roman domination, how many have label 2) and compares this with the definition. Connectivity
of G[S] is tested with a graph search; the perfect matching of paired domination with a short
backtracking search (up to |S| = 24).

Analysis

• Time O(n+m) for most problems.
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Algorithm 13 Unit-Disk-Graph
Require: points p1, . . . , pn in the plane, radius r
Ensure: the graph G = (V,E)

1: E ← ∅
2: for all pairs i < j do
3: if ∥pi − pj∥ ≤ r then
4: add the edge ij to E
5: end if
6: end for
7: return (V,E)

Algorithm 14 Read-Ipe
Require: an Ipe XML file
Ensure: a graph G

1: V ← all marks and small circles (after group transformations)
2: for each polyline or polygon and each consecutive pair of points p, q do
3: a← vertex nearest to p within tolerance, else a new vertex at p
4: b← the same for q
5: if a ̸= b then
6: add the edge ab (once)
7: end if
8: end for
9: scale and center everything to fit the canvas

13 Unit disk graphs
In unit disk mode the lab rebuilds the edges every time a vertex moves: two vertices are adjacent
when their Euclidean distance is at most the radius r [2].

Analysis

• Time O(n2) per update.

14 Reading Ipe files
Ipe [17] stores a drawing as XML. The lab turns marks and small circles into vertices, and
every segment of a polyline or polygon into an edge between the vertices nearest to its two
endpoints (within a small tolerance). An endpoint with no vertex nearby becomes a new vertex.
Transformations of groups are applied, and the result is scaled to fit the canvas.

Analysis

• Time O(n · k) in the worst case, where k is the number of segments.
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